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ABSTRACT 

A nonlinear 5*0(8) invariant BF type Lagrangian for describing the dynamics of N M2- 
branes in flat spacetime has been proposed recently in the literature which is an extension 
of the non-abelian DBI action of N D2-branes. This action includes only terms with even 
number of the totally antisymmetric tensor M IJK . We argue that the action should contain 
terms with odd number of M IJL as well. We modify the action to include them. 







Following the idea that the Chern-Simons gauge theory may be used to describe the 
dynamics of coincident M2-branes PQ, Bagger and Lambert [2] as well as Gustavsson [3] 
have constructed three dimensional M = 8 superconformal SO (4) Chern-Simons gauge 
theory based on 3-algebra. It is believed that the BLG world volume theory at level one 
describes two M2-branes on R s /Z 2 orbifold [I]. The world volume theory of N M2-branes 
on R 8 /Zk orbifold has been constructed in [5] which is given by M = 6 U(N)k X U(N)_k 
Chern-Simons gauge theory. 

The signature of the metric on the 3-algebra in the BLG model is positive definite. This 
assumption has been relaxed in [6j to study N coincident M2-branes in flat spacetime. The 
so called BF membrane theory with arbitrary semi-simple Lie group has been proposed in 
[6]. This theory has ghost fields, however, there are different arguments that model may 
be unitary due to the particular form of the interactions [61 [7j. The bosonic part of the 
Lagrangian for gauge group U (N) is given bjQ 

L = Tr {^e abc B a F bc - ^D^ITX 1 + ^M IJK M IJK ^j + (d a XL - Tr(£? a X 7 ))«9 a X^ (1) 

where A a , B a , X 1 are in adjoint representation of U(N) and X l _ , X T + are singlet under U(N), 
and 

m ijk = X I + [X J 1 X K }+Xl\X K ) X I }+XK[X\X J } (2) 
DaX 1 = DaX'-X^Ba, D a X' = d a X J + I [A a , X 1 } 

Obviously the above Lagrangian is invariant under global 5*0(8) transformation and under 
U(N) gauge transformation associated with the A a gauge field. It is also invariant under 
gauge transformation associated with the B a gauge field 

SbX^X^A, 5 B B a = D a A, 5 B X| = 0, 5 B X[_ = Tr(X'A) (3) 

The Lagrangian ((T]) is a candidate to describe the dynamics of N M2-branes in flat super- 
gravity background. 

The equation of motion for X[_ gives d a d a X I + = 0. Following the procedure found in [8], 
if one of the scalars X+ takes large expectation value, i.e., X+ = gyM^ 110 , and the gauge 
symmetry ([3]) is fixed by setting X 10 = 0, then the above action reduces to 

L = Tr(^e abc B a F bc -^D a X i D a X*-^B a B a -^iX\X3][X\X 1 ]^ (4) 

Under the dNS duality transformation [9] 

Tr (^e abc B a F bc - 9 ^-B a B<^ - Tr (- -A-F^ (5) 



^^Our index convention is that a, b, ... = 0, 1, 2; ... = 3, 9 and /, J, ... = 3, 4, 10. 
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the action becomes identical to the low energy action of N D2-branes in flat spacetime. The 
nonlinear extension of this action is given by the following nonabelian DBI action [TOl [TT] : 



S° 2 = -T 2 J dVSTr (jdet(Q) (6) 



x ^- det ^ Vab + \ 2 g 2 YM D a X^Q-^D b Xi + \F ab 
where the matrix is 

Q ij = IS ij +iXg YM [X\X^} 

where A = 2Tra'. Here the transverse scalars in [UJ are normalized as = gyM^X 1 . The 
trace in the action is completely symmetric between all matrices F ab ,DX l , [X l ,X J ]. The 
D2-brane tension is T 2 = l/(2ir) 2 £lg s . The 3-dimensional Yang-Mills coupling constant is 
related to the tension of D2-brane as X 2 T 2 = 1/ g YM . 

An extension of the above action to the action of N M2-branes has been proposed in 
[12_(1. This action is given as 



-T 2 STr ^-det + ^X^Q- 1 )^) AX J ) (det(Q)) 1 ^ + Tr (~e abc B a F bc 



(7) 



X-l- ■ X a ^ , r ^ , r 1 / X^_ ' AT 



-(«9 Q X£ - Tr(S a X J ))a a X^ - Tr ( -^IV^Xj - - ( ) c\X^ a X^ 



where X^ = X|X| and 

L> X J = DX - (X^pjdaXl (8) 



Q u = s u + -±^± (det(s) - 1) , s 7J = <5 7J + 



The M2-brane tension is T 2 = l/(2n) 2 £p. It is shown in [12] that this BF type nonlinear 
Lagrangian reduces to ([I]) at low energy. Since only the symmetric part of matrix Q _1 
appears in the action, it includes only terms with even number of M IJK . 

In this paper we would like to modify this action to includes terms with even and odd 
number of M IJK . To this end, we back to the original action from which the above action 
has been found. The matrix (Q -1 ) 4 -' in the D2-branes action has the following expansion: 

= 5* -i\g YM [X\Xi\ + {i\g YM ) 2 [X\X k ][X\Xi] 

-{i\g 2 YM f[X\X k ][X\X l }[X\X3} + ■■■ (9) 



2 See [13] for nonlinear action of M2-brane in abelian case. 
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Using the fact that all brackets appear in symmetric form in the action, one can easily 
check that all terms with even number of brackets are symmetric in i,j and all terms with 
odd number of brackets are antisymmetric. It can be written as (<3~ 1 )*- J = ^ + AP*- 7 where 
the symmetric matrix P^- and antisymmetric matrix P^ are 

& = (q-'r, P ij = {~tg 2 YM [X\X n }){q- l r 
q V = S ij + \ 2 g 4 YM [X\X k ][X\X3] (10) 

Note that l/det(P) = det(g) = (det(Q)) 2 . 

Both and P 1 ^ contributes to action ([6]). For example, if one considers the 5* J term 
of Rij, then it is obvious that its contribution is not zero. To see that the antisymmetric 
matrix P lJ has contribution, consider for instance [X*,X J ] term of P u . The expansion of 
the square root in action (jH]) has among other things the following term: 

STr(P Q X*[X\X J ]ZV^P ba ) = X - (Tr(P a X*[X\X^]ZV^) + Ti{D a X* D b X 3 [X\ X*])) F ba 

where we have assumed on the right hand side that F ab is abelian. Using the fact that 
F ab = —F ba , one observes that both terms on the right hand side are equal. Hence, P^ 
has non-vanishing contribution to the action. The symmetric trace makes the matrix t] ab + 
X 2 g YM D a X t R 10 D b Xi in the action to be symmetric and matrix \ 2 g YM D a X l P' 13 D b X 3 to be 
antisymmetric. 

Now we use the following duality transformation 



T 2 J-(f)det(g ab + XF ab ) -> -T 2 



x ^det(g ab + 9 -XKMi) + \ t ^B a F bc (11) 
\ T 2 <p 2 



for any scalar 0, any symmetric matrix g ab and any antisymmetric matrix F ab . The sym- 
metric trace prescription allows us to use the matrix extension of the above identity in 
which the STr appears in both sides. 

Using the above duality transformation, the action ([6]) can be written in the following 
form: 

S° 2 = -T 2 J dVSTr (ydet(Q) (12) 



- det ( Vab + ±D a XWW b Xi + 9 ™ BaBb 



+^ J dVSTr ( e abc B a (F bc + ^-D b X l P i3 D C X 3 ) 
where B a is a matrix in the adjoint representation of U(N). 
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Using the prescription given in [8], one expects that M2-branes effective action should 
be reduced to the D2-branes action when X T + takes a large expectation value. Following 
[12] . the M2-branes extension of §TZ§ should have 5*0(8) invariant term D a X I R IJ D b X J 
where D a X T and Rjj should be defined to be invariant under the B a gauge transformation 
(J3J) and when X+ = v5 IW where v = gyM, they should satisfy the boundary condition [12J: 

DaX'R 17 !)^- 1 - D a X i R^ i D b X i + v 2 -^- (13) 

det(Q) 

This makes D a X T to be defined as in (jSJ), and the boundary value of Ru to be [12] 



R ij = R ij , R m = R 10i = , R 1010 = l — (14) 

det(Q) V ' 



An ansatz for R IJ which is consistent with the above boundary condition may be 

R IJ = (S' 1 )" + aX^Xi (15) 

where a is a S0(8) invariant term which can be found from the above boundary condition, 
and 



S IJ = glJ _ ±_ M IKM M JKN l±t±+\ (16) 
To \ A. 



Assuming that M IJK should appear in symmetric form in the M2-branes action which is 
inherited from D2-branes action in which [X 1 , A J ] appears in symmetric form, one observes 
that matrix S IJ is symmetric. This matrix satisfies the boundary S* u = q l \ S ao = S 10t = 
and S* 1010 = 1. So at the boundary det(S) = det(g) = (det(OJ) 2 . Imposing the boundary 
condition, one finds 

yl yJ I I 



Xi 



det(S) 



This symmetric matrix has even number of M IJK . Note also R IJ = 5 IJ + O(i). 

The M2-branes action should also have 5*0(8) invariant term D a X T P IJ D b X J where 
P IJ should be defined to satisfy the boundary condition: 

D a X I P IJ D b X J -> D a X l P ij D b X j (17) 

This fixes P IJ to be 

P" = tM IKN (S~ 1 ) NJ X^ (18) 
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This matrix has odd number of M IJL . The symmetric trace prescription then makes it to 
be antisymmetric matrix. The first term in the third line of (fl2|) is invariant under the 
gauge transformations associated with B a and A a fields. The second term however is not 
invariant under these gauge transformations. With the above modification, the second term 
is not yet invariant under the gauge transformation ([3]). To make it invariant, we have to 
also extend B a X+ to —D a X K which is invariant under the gauge transformation 

So, a proposal for the extension of action S° 2 to M2-branes may be given by the following 
Lagrangian: 



Lf> = -T 2 STr^(det(5)) 1/4 y-det^ ab + -D a X^£) b X^j (19) 
+ l -e abc (Tr(B a F bc ) - ^STr (p a X K D.X 1 M IKN (S~y j D C X" 



+ (d a XL - Tr(5 a X 7 ))d a X[ ~ Tr 



X+-X ^ ~ir, avI 1 (X+-X 



2 




2 \ X 
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The symmetric trace in the first two lines is between gauge invariants D a X ! and M IJK . 
This action is manifestly invariant under global SO (8) transformation and is invariant under 
gauge transformation associated with gauge fields A a and B a . As has been discussed in 
[12] , the last line should be added to have consistency with the low energy action. 



The equation of motion for X_ gives d a d a X^ = 0. As in [12], if one of the scalars 
X^_ takes large expectation value, i.e., X+ = v5 no , then D a X l = D a X % and D a X 10 = 
D a X 10 — vB a . Now fixing the gauge symmetry ([3]) by setting X 10 = 0, one recovers the 
D2-branes action (TT2|) . On the other hand, if the shift symmetry X l _ — > X[_ + c 1 is gauged 
as in [UJ [15] by introducing a new field and writing d a X[_ as d a X ! _ — Cf, then equation 
of motion for the new field gives d a X T + = which has only constant solution X^ = v 1 . 
Using the SO(8) symmetry, one can write it as X^ = v5 110 . Then the above theory would 
be classically equivalent to the -D2-D2 theory ffl2l . 

Using the identity [12] 

/ v M Y N \ 1 
M IKM M IKN I \ = }_ M IJK M I.JK (2Q) 

(det(5)) 1/4 = 1 - -±-M IJK M IJK + • • • (21) 
12T2 

So at low energy the action ( fl9l) reduces to ([Tl). The action ( fl9|) has terms with even and 
odd number of M IJK . The terms with even number of M IJK are those appear in ([7]). 
However, the terms with odd number of M IJK which are non- vanishing, i.e., 

^e^STr (D a X K D h X I M IKN (S- 1 ) NL D c X J ) (22) 



one finds 
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are new couplings that are not included in (|7j). 

Another ansatz for R IJ which may be consistent with the boundary condition (|14p is 

R IJ = ( s - l ) IJ (23) 

where 

s IJ = 5 IJ + aM IKM M JKM (24) 

in which a is a constant. Imposing the boundary condition R^ = i?* J , one finds a = 
— 1/(2T 2 ). Interestingly, it also satisfies the boundary condition (s^ 1 ) 1010 = 1/ det(Q). To 
see this, consider the expansion of (s~ 1 ) /J 

(s- 1 ) 7 - 7 = 5 IJ -a(MM) IJ + a 2 (MMMM) IJ -a 3 (MMMMMM) IJ + ■■■ (25) 

where our notation is such that (MMMM) IJ = M IKM M NKM M NPQ M JPQ . Using the 
definition of M IJK in (J2]), one finds that the 1010 component of this matrix is 

( s -^oio = 1 = 1 (2Q) 

1 + l + &f[X*,Xj][Xj,X*] 

On the other hand, because of the symmetric trace in the action, one finds det(Q) = 
1 + ^[X\Xi][Xi,X 1 ]. At the boundary, one also has the relation det(s) = (det(Q)) 3 . 

So, another proposal for the extension of action S D2 to M2-branes may be given by the 
following Lagrangian: 

Lf = — T 2 STr ((det( S )) 1/6 ^- det + ^D a X^ S -^ D.X'fj (27) 
+ I e ^ (Tr(B a F bc ) - ^STr (D a X K D i X I M IKN (s- 1 ) NJ D c X j y) 

+ (d a XL - r Ti(B a X I ))d a X I + - Tr (^-^D^d^l - l - (^P) d^PX* 

In this case also, using the expansion 

(det(s)) 1/6 = 1 - —M IJK M IJK + ■ ■ ■ (28) 
12T 2 

one observes that at low energy the above action reduces to as expected. For constant 
X 1 , the above action produces the couplings found in [IB] at order 1/T 2 . 
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